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Holography of Two-point Functions in
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Akihiro Tsuji∗)
Institute of Physics, University of Tokyo, Komaba
Tokyo 153-8902, Japan
Abstract
We study the holographic principle of the two-point function in the case of a spin-
ning string in the AdS/CFT correspondence. Following the general method proposed
by Yoneya et al. for the bulk-boundary correspondence in the large J limit, we study
the spinning string solution which starts and ends at the boundary. We then show that
the spinning string solution directly gives a two-point function that is consistent with
the spin chain picture in gauge theory.
∗) E-mail: tsuji@hep1.c.u-tokyo.ac.jp
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§1. Introduction
One of the most remarkable aspects of the AdS/CFT correspondence1)–3)(see Refs. 4)
and 5) for reviews) is that it can be regarded as a holographic relation between the bulk
string theory and the corresponding gauge theory on the boundary. The GKP-Witten rela-
tion2), 3) gives the explicit connection between the physical quantities involved in particular
the correlation functions. Also, it is the power of the AdS/CFT correspondence that this
correspondence can be considered a weak/strong duality, and thus we may learn something
about strong coupling physics, such as confinement, by using AdS/CFT. For this reason,
we are particularly interested in the dynamics of Wilson loops in the bulk picture. Wilson
loops are considered to be the ends of the string worldsheet in the bulk picture, and we can
determine the vacuum expectation value of the Wilson loops by calculating the area of the
worldsheet.6), 7) In recent, various surfaces corresponding to several Wilson loops have been
studied.8), 10)–16) However, since the AdS/CFT correspondence is effective in the region of
strong coupling in gauge theory, it is difficult to compare bulk quantities with the boundary
values, except in highly supersymmetric cases, in which higher-loop effects can be ignored.
Concerning the relation between AdS quantities and CFT quantities, Berenstein, Mal-
dacena and Nastase proposed a method to compare the string energy spectrum with the
conformal dimensions of boundary operators directly for the special case,17) in which the
string has an infinitely large orbital angular momentum, J ∼ R2. They took the limit
J, λ → ∞, with λ˜ ≡ λ
J2
≪ 1 fixed. Since the λ˜ expansion is effective in both string theory
and gauge theory, we can compare physical quantities in the two cases order by order. The
corresponding operators in gauge theory are called BMN operators. The BMN operators are
still near-BPS. Subsequently, the correspondence was generalized to operators that are far
from BPS, having the same large J limit, but with more charges of non-BPS operators.18), 19)
This is known as the spinning string/spin chain correspondence.20)
As a further development of the spinning string/spin chain correspondence, it has been
found that the string nonlinear sigma model action is identical to the continuum coherent
2
state effective action of a spin chain.21), 22) The mapping of a spinning string/spin chain is
derived by directly relating each coordinate with a spin chain field. Specifically, the string
configuration corresponds to the coherent state expectation value of the spin chain, namely,
the ‘long’ scalar local operator. Thus, the action of the string non-linear sigma model
coincides with the coherent state effective action of the spin chain.
In these approaches, the string is always at the center of AdS space. However, from the
viewpoint of holography, these relations should be realized as the correspondence between the
bulk of AdS space and its conformal boundary, as formulated by the GKP-Witten relation
for correlation functions. In the case of the BMN limit, this puzzle was resolved by Dobashi,
Shimada and Yoneya23), 24) by employing a tunneling picture, in which the correlators are
directly obtained by considering the bulk trajectories from the boundary to the boundary.
Using this method, they proposed a definite holographic relation for 3-point correlation
functions.25)–28)
In the present paper, we investigate the holographic two-point functions which are related
to the spinning strings. The holography of the one-point function of a single Wilson loop is
studied in Refs. 6) and 7), in which the boundary of the string worldsheet is regarded as the
Wilson loop, and the one-point function is obtained by calculating the area of the worldseet.
In our case, the boundary operator cannot be regarded as the usual Wilson loop, because it
has fixed R-charges. We can assume that the states corresponding to the boundaries of the
worldseet are the spin chain coherent states from Refs. 21) and 22). We can then compute
the two-point function of the boundary operator by calculating the action of the ‘tunneling’
spinning string solution. This approach is useful for clarifying the holographic interpretation
of spinning strings.
In §2, we study the tunneling picture of the spinning string solution after reviewing
the spinning string solution with S5 angular momenta (J1, J2) and the method of Yoneya
et al. In §3, we calculate the action of the tunneling spinning string solution and obtain
the two-point correlation function of the boundary operator in the holographic description.
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We find that this boundary operator has a definite conformal dimension. This result has
a very natural interpretation from the viewpoint of the configuration mapping discussed
in Refs. 21) and 22). We regard the radial direction of AdS space as the affine time
direction of the Euclideanized geodesic, while the endpoint at the boundary corresponds
to spin chain coherent states. The spin chain states have definite conformal dimensions,
once the appropriate Bethe root configuration is given. Finally, we conclude our work and
mention some future directions in §4.
§2. ‘Tunneling’ spinning string solution
2.1. Spinning string solution
First, we review the usual spinning string solution with two large angular momenta J1
and J2.
30), 31)
The Polyakov action is
S =
√
λ
2
∫
dτ
∫
dσ
2π
√−gGµνgab∂aXµ∂bXν , (2.1)
where g is the worldsheet metric and G is the space-time metric.
The AdS5 × S5metric is ds2 = (ds2)AdS5 + (ds2)S5 where
(ds2)AdS5 = dρ
2 − cosh2 ρdt2g + sinh2 ρ(dθ2 + cos2 θdφ21 + sin2 θdφ22),
(ds2)S5 = dγ
2 + cos2 γdϕ23 + sin
2 γ(dψ2 + cos2 ψdϕ21 + sin
2 ψdϕ22) (2.2)
in global coordinates. Note that we denote the golobal time coordinate by tg. We choose
the gauge such that det gab = −1, g01 = 0, g00 = −η, ∂ση = 0. Then, we choose the solution
of the equation of motion as
tg = κτ, φ1 = ω1τ, φ2 = ω2τ,
ϕ1 = w1τ, ϕ2 = w2τ, ϕ3 = w3τ. (2.3)
The other variables, ρ, θ, γ and ψ depend only on the σ coordinate and satisfy the boundary
conditions of a closed string.
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With the system described above, we have five conserved charges and the charge of the
global time translation given by
S1 =
√
ληω1
∫ 2pi
0
dσ
2π
sinh2 ρ cos2 θ, J1 =
√
ληw1
∫ 2pi
0
dσ
2π
sin2 γ cos2 ψ,
S2 =
√
ληω2
∫ 2pi
0
dσ
2π
sinh2 ρ sin2 θ, J2 =
√
ληw2
∫ 2pi
0
dσ
2π
sin2 γ sin2 ψ,
E =
√
ληκ
∫ 2pi
0
dσ
2π
cosh2 ρ, J3 =
√
ληw3
∫ 2pi
0
dσ
2π
cos2 γ, (2.4)
where λ is the ’t Hooft coupling constant. From the equation of motion, we can choose
ρ = θ = 0,
γ =
π
2
. (2.5)
This solution possesses two nonzero angular momenta. The equation of motion for ψ then
becomes
ψ′′ − η2(w21 − w22) sinψ cosψ = 0. (2.6)
Here the primes represents differentiation with respect to σ.
From the equation of motion for η, we get
− κ2 + ψ
′2
η2
+ w21 cos
2 ψ + w22 sin
2 ψ = 0. (2.7)
This equation connects the AdS parameter to the S5 parameters. Of course, this equation
is consistent with the gauge fixing conditions that η be independent of σ, as seen from (2.6).
Also, it is clear from the form of (2.7) that η does not depend on τ .
We solve these equations in the case of a folded string. We assume
0 ≤ κ
2 − w21
w22 − w21
= sin2 ψ0 ≡ x ≤ 1, (2.8)
where ψ0 is the value of ψ at which ψ
′ = 0. Then we can compute
J1√
λ
= w1
∫ 2pi
0
dσ
2π
η cos2 ψ
=
2w1
π
∫ ψ0
0
dψ
η cos2 ψ
ψ′
5
=
2w1
π
√
w22 − w21
∫ ψ0
0
dψ
cos2 ψ√
x− sin2 ψ
=
w1√
w22 − w21
2F1
(
−1
2
,
1
2
, 1; x
)
=
2w1
π
√
w22 − w21
E(x), (2.9)
where 2F1(α, β, γ; z) is the hypergeometric function and E(x) is the elliptic integral of the
second kind. Similarly, we have
J2√
λ
=
w2x
2
√
w22 − w21
2F1
(
1
2
,
3
2
, 2; x
)
, (2.10)
and E =
√
ληκ.
Using these equations and J1 + J2 = J , we can write x and E in terms of J1 and J2. In
order to do so, we must solve the equations
(
E
K(x)
)2
−
(
J1
E(x)
)2
=
4λ
π2
x,
(
J2
K(x)−E(x)
)2
−
(
J1
E(x)
)2
=
4λ
π2
. (2.11)
Here, K(x) is the elliptic integral of the first kind. Now, we take the BMN limit (λ, J →
∞, λ
J2
≡ λ˜≪ 1) and expand
x = x0 +
x1
J 2 +
x2
J 4 + ..., (2
.12)
E = J(1 +
λ
J2
ǫ1 +
λ2
J4
ǫ2 + ...) +O(J0). (2.13)
Then we solve the equations order by order and get
E(x0)
K(x0)
=
J1
J
, (2.14)
x1 = − 4(1− x0)x0(K(x0)− E(x0))E(x0)K(x0)
2
π2((1− x0)K(x0)2 − 2(1− x0)K(x0)E(x0) + E(x0)2) , (2
.15)
ǫ1 =
2
π2
K(x0)(E(x0)− (1− x0)K(x0)). (2.16)
Here, ǫ1 and ǫ2 are known to coincide with the one- and two-loop λ˜ order expansion of the spin
chain energy, respectively, calculated by using the Bethe ansatz. It is known that the three-
loop expansion is inconsistent, and this is called ‘the three-loop discrepancy’. Explaining
these mismatches remains an important unsolved problem.
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2.2. Tunneling picture of a spinning string
In this solution, the string is at the center of AdS space, but we want a solution which
comes from the boundary and goes to the boundary from the holographic point of view. As
usual, such a solution does not exist, because there is a potential barrier near the bound-
ary. In quantum mechanics, a solution that goes through a potential barrier represents a
tunnelling effect, and we can obtain such a solution by applying a Wick rotation to the time
coordinate. It is shown in Ref. 25) that this tunneling picture23), 24) automatically arises if
we directly study the large J limit of the GKP-Witten relation. Similarly, we can derive
a solution for a spinning string from the boundary to the boundary by applying Wick ro-
tations to the worldsheet τ coordinate and the t coordinate in target space, where t is the
boundary time variable in Poincare` coordinates. Also, we apply Wick rotations to the ϕ1
and ϕ2 coordinates in target space to keep the solution a real function. As a result, the
quantum numbers are kept real.
The AdS5 metric in Poincare` coordinates is
ds2 =
dz2 + dxidxi − dt2
z2
, (2.17)
and the S5 metric is that used above. Since we consider a spinning string, we assume that
it is point-like in AdS space and has extension only in the S5 directions. That is, we assume
that z and t depend only on the τ coordinate. Also, we assume
ϕ1 = w1τ, ϕ2 = w2τ (2.18)
for the center of mass. As in the previous subsection, ψ and θ depend only on the σ
coordinate. Then we perform Wick rotations as τ → −iτ, t→ −it, ϕ1 → −iϕ1, ϕ2 → −iϕ2.
Employing the same gauge as in the previous subsection, the equations of motion are
− z˙
2 + t˙2
z2
+
ψ′2
η2
+ w21 cos
2 ψ + w22 sin
2 ψ = 0, (2.19)
η
z3
(
z˙2 + t˙2 + zz¨ − 2z˙2 − η˙
η
zz˙
)
= 0, (2.20)
∂
∂τ
(
η
t˙
z2
)
= 0, (2.21)
7
ψ′′ − η2(w21 − w22) sinψ cosψ = 0, (2.22)
where we take the spinning string solution for the S5 coordinates, that is
γ =
π
2
, θ = ϕ3 = 0. (2.23)
A solution which comes from the boundary and goes to the boundary is
t = α tanh βτ, (2.24)
z =
α
cosh βτ
, (2.25)
where α and β are unfixed parameters. In this solution, η does not depend on τ as seen from
Eq. (2.19).
Substituting the solution (2.25) into (2.19), we get
− z˙
2 + t˙2
z2
+
ψ′2
η2
+ w21 cos
2 ψ + w22 sin
2 ψ
= −β2 + ψ
′2
η2
+ w21 cos
2 ψ + w22 sin
2 ψ = 0. (2.26)
Equation (2.22) and (2.26) are identical to the usual folded string solution, given by (2.6) and
(2.7), if we replace β by the global time translation parameter κ. Hence, we can calculate β
using the same method as in the previous subsection, by solving for κ in the usual Minkowski
picture. Because κ is proportional to the conformal dimension of the corresponding boundary
operator, β is also proportional to the conformal dimension. This relation can be understood
qualitatively as follows. The boundary scale transformation xµ → axµ has the same effect
as the scale transformation along the z-direction z → z/a, because of the isometry under
the bulk scale transformation xµ → axµ, z → az. Also, near the boundary, the tunneling
geodesic is parallel to the z-direction and takes the form z = 2α exp (βτ). Thus, a scale
transformation of z corresponds to a translation of the worldsheet parameter τ . Then,
because β is the generator of the τ translation, the conformal dimension of the boundary
operator and β are directly related near the boundary.
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§3. Two-point functions of the boundary operators corresponding to spinning
strings
In this section, we study the relation between the worldsheet action of the tunneling spin-
ning string solution and the two-point function of the boundary operator. If we use Dirichlet
boundary conditions in the string theory case, the boundary operator will be the Wilson
loop from the holographic point of view. These two values should be directly connected by
the relation
〈W (C1)W (C2)〉conn ∼ e−S, (3.1)
where S is the worldsheet action of this solution and C1 and C2, which form its boundaries,
are loops corresponding to string configurations.∗) This is, of course, a natural extension
of the ansatz proposed in Refs. 6) and 7). From this point of view, double Wilson loop
correlators have already been calculated for some special cases.8), 11) We apply this relation
to the spinning string/spin chain correspondence. In the spinning string case, the solution
has fixed angular momenta in the S5 directions, and therefore the boundary conditions are
not Dirichlet conditions for some directions. For this reason, the boundary operator should
not be the usual Wilson loop but, instead, an operator which has fixed R-charge. This
operator should be related to the spin chain.
3.1. Double Wilson loop correlator and OPE
Before calculating the worldsheet action, we discuss the double Wilson loop correlator
within the field theory description. We assume the relation between the usual Wilson loop
and the fixed R-charge operator in order to justify the application of the holographic relation
(3.1) to the spinnig string case.
∗) The Gross-Ooguri transition9) occurs when the boundary objects are extended in the AdS direction.
However, in our work, we treat objects that are extended in S5 space but are point-like in the AdS direction.
Thus, the Gross-Ooguri transition does not occur, but a semiclassical calculation is still valid, because it is
extended in S5 space.
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When we consider small Wilson loops, we can expand them as8)
W (C) = 〈W (C)〉
[
1 +
∑
i,n
c
(n)
i a
∆
(n)
i O(n)i (x)
]
, (3.2)
where a is the characteristic size of the Wilson loop, {O(n)i } is a set of operators with
conformal weights ∆
(n)
i , and c
(n)
i are the coefficients, which depend on each loop C. Then,
the connected part of the correlator of the double Wilson loops becomes
〈W (C1)W (C2)〉conn
〈W (C1)〉〈W (C2)〉 =
∑
i;l,m
c
(m)
i c
(n)
i a
∆
(m)
i
+∆
(n)
i 〈O(m)i (α)O(n)i (−α)〉. (3.3)
Here, 2α is the distance between the two loops. Thus, we can write the Wilson loop op-
erator as an infinite sum of the two-point functions of the operators which have various
definite conformal dimensions. Note that the scale parameter a appears here because of the
dimensionless property of Wilson loops.
In general, we have to choose some special configurations for the loops C1 and C2. Here,
we want to consider the particular case in which the boundary objects have the definite
R-charge (J1, J2). Actually, these are not Wilson loops in the naive sense, because we fix
the angular momenta with respect to S5, not the loops C1 and C2. More precisely, we are
considering an object like
Ob(Ji) =
∫
[dC]ΨJi(C)W (C), (3.4)
where ΨJi is the wave function corresponding to a state of definite angular momenta, and the
integration should be performed over the loops extending in the directions that are related
to the scalar fields of the gauge theory. The normalization factor 〈W 〉 can be included
in the wave function ΨJi. The choice of the wave function ΨJi is regarded as the choice
of the boundary condition for the classical string solution near the boundary z = 0, which
corresponds to a particular gauge invariant operator O(n)i with definite conformal dimension.
It is desirable to develop a systematic method to explicitly construct the wave functions
ΨJi(C) corresponding to spinning strings, but this is not necessary for the purpose of the
present work.
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3.2. Calculation of the worldsheet action
Now, we compute the worldsheet action of the tunneling spinning string solution. This
action is given by
S =
√
λ
2
∫ ∞
−∞
dτ
∫ 2pi
0
dσ
2π
(
η(
z˙2 + t˙2
z2
− ϕ˙12 cos2 ψ − ϕ˙22 sin2 ψ) + 1
η
ψ′
2
)
. (3.5)
The two fixed angular momenta are
J1 = −
√
λ
∫
dσ
2π
ηϕ˙1 cos
2 ψ, J2 = −
√
λ
∫
dσ
2π
ηϕ˙2 sin
2 ψ. (3.6)
As in Ref. 32), with the condition of two fixed angular momenta at the boundary, we have
to perform a Legendre transformation of the coordinates ϕ1 and ϕ2. This yields
S¯ = S −
∫
dτ(J1ϕ˙1 + J2ϕ˙2) (3.7)
=
√
λ
2
∫
dτ
dσ
2π
×
(
η
(
z˙2 + t˙2
z2
)
+
1
η
(
ψ′
2
+
J21 cos
2 ψ
λ(
∫
dσ
2pi
cos2 ψ)2
+
J22 sin
2 ψ
λ(
∫
dσ
2pi
sin2 ψ)2
))
. (3.8)
Solving the equation of motion for η, we obtain
η =
√√√√(ψ′2 + J21 cos2 ψλ(R dσ2pi cos2 ψ)2 + J22 sin2 ψλ(R dσ2pi sin2 ψ)2 )
z˙2+t˙2
z2
. (3.9)
Note that η is independent of τ and σ.
From the above constraint, we obtain the action in the form
S¯ =
√
λ
∫ ∞
−∞
dτηβ2. (3.10)
Hence, this action is infinite, because of the infinite length of the AdS trajectory. Therefore,
we must regularize this expression in order to obtain the dependence of the distance between
the two loops.
3.3. Regularization
In the case of a one-point correlator,6), 7) the physical value is obtained by subtracting
the infinite quark mass contribution. In our case, we have to subtract similar infinite con-
tributions.
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In Eq. (2.21), we can also consider a solution with constant t,
z =
1
Λ
exp (±β˜τ˜), t = const, (3.11)
where Λ is an arbitrary parameter. Because the S5 part is unchanged, we have to choose
β˜ = β from the constraints. We can use this solution in order to subtract infinities. Explicitly,
we consider the ratio of the two-point function determined by (3.10) to the product of the
two one-point functions whose boundaries are at t = ±α (Fig. 1), corresponding to the two
ends at the boundary (see Fig. 1).
㧞ǩ
㨦 п
V
ǔ
Fig. 1. AdS trajectories of the two-point function and one-point functions
Here, we choose the range of τ˜ as −∞ ≤ τ˜ ≤ 0 for t = −α. In order to connect to the
boundary, we must choose the z = 1
Λ
eβτ˜ solution. Similarly, for t = α, we choose 0 ≤ τ˜ ≤ ∞
and the z = 1
Λ
e−βτ˜ solution. Then, we can interpret Λ as the infrared cutoff for one-point
functions.
If we define S1(t) as the action for the one-point function at t, the regularized action
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becomes
S¯reg = S¯ − (S¯1(−α) + S¯1(α))
=
√
λη
(
lim
T→∞
∫ T
−T
− lim
T˜→∞
(
∫ 0
−T˜
+
∫ T˜
0
)
)
β2. (3.12)
To relate T and T˜ , we assume that z at τ = T for the original solution is the same as z at
τ˜ = T˜ for the regulator solutions:
1
Λ
exp (−βT˜ ) = α
cosh βT
→ 2α exp (−βT )(T →∞). (3.13)
Solving this equation, we obtain
T˜ = T − 1
β
log (Λ(2α)). (3.14)
Substituting this into (3.12), we get
S¯reg =
2
√
λη
β
log (Λ(2α))× β2
= 2
√
ληβ log (Λ(2α)). (3.15)
3.4. Two-point function in the bulk description
In the AdS/CFT context, we can consider
〈Ob(−α; Ji)Ob(α; Ji)〉 = exp (−S¯reg), (3.16)
where −α and α are the positions of the loops.
From the result (3.15), we obtain
exp (−S¯reg) =
(
1
2αΛ
)2√ληβ
. (3.17)
Substituting this result into (3.16), we get
〈Ob(−α; Ji)Ob(α; Ji)〉 =
(
1
2αΛ
)2√ληβ
. (3.18)
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This implies that Ob(±α; Ji) are simply local operators corresponding to SU(2) spin chain
states with the definite conformal dimensions ∆ =
√
ληβ. The quantity β is determined
by J1 and J2 and the string configuration, as in §2.1. If we choose a string configuration,
for example, a folded string or a circular string, we can find the corresponding Bethe roots
configuration of the SU(2) spin chain state. This is the same as usual spinning string/spin
chain correspondence. Information concerning the holographic configuration mapping be-
tween string/spin chain coherent states may be contained in the wave equation (3.4), but its
explicit expression is not necessary to get the result (3.18).
§4. Conclusion
In this work, we have calculated the two-point function of the boundary operator using the
holographic method for correlation functions, where the boundary operators are in states
of the spin chain with definite conformal dimensions. Because the spinning string/spin
chain correspondence has not previously been considered from the viewpoint of correlation
functions, we believe that the present work is useful for clarifying this aspect of the problem.
As future works, there are some possible applications of the method employed here.
In Refs. 25)-28), three-point functions of pp-wave string theory are studied by using the
holographic relation. We may be able to investigate the three-point functions of spin chains
in a similar manner. Also, we should investigate quantum effects by taking into account
fluctuations from tunneling geodesics from boundary to boundary. Since in the bulk picture
the Hamiltonian along a geodesic is not identical to the dilatation operator, except near
the boundary, these effects may affect the two-point function. It would be interesting to
study whether this resolves the three-loop discrepancy. We may also study the holographic
two-point function in cases other than AdS space by considering an arbitrary Dp-brane
background, as done in Ref. 32) in the pp-wave limit.
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